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I. INTRODUCTION

YNTHESIS of dynamic equivalents is always an actual
problem in studying and simulating large power system

behaviours. While equivalents of generation areas are fully
explored and a common methodology is currently accepted,
there is no general approach concerning load areas since
several components and very different dynamic phenomena,
including also self-generation, can be encountered.

By the way, open access and deregulation of power systems,
makes more and more useful defining good equivalents of
some typical areas of the network. In the ENEL case, for
example , the original monopolistic society has been split into
several disjointed groups, leaving at the Italian ISO the
responsibility in exploiting the HV-EHV network. Simulation
studies of this network usually do not require details for the
sub-transmission areas and stop network implementation at
interface buses. To include also sub-transmission areas,
normally at 132 kV, could lead to a considerable
computational effort, although contributions of sub-
transmission areas should help for a more reliable
comprehension of dynamic phenomena.1

This paper develops some aspects presented in [1] and
concerns medium-long term voltage phenomena caused by
LTC transformers. To this aim, Section II describes a
reference network and a sub-transmission 132 kV area that
will be subjected to a synthesis of a dynamic equivalent
Assuming a complete knowledge of sub-transmission area and
load parameters, the proposed methodology results in two
distinct processes, namely a nodal and a modal reduction.

Nodal reduction utilizes a down-top strategy, i.e. starting
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from load nodes and arriving to interface ones. This approach
is finalized in deducing the simplest approximated structure of
the sub-transmission area, with the goal of preserving only
interface buses with the HV remaining system.

To this aim, in Section III, voltage dependent static loads,
corresponding to active and reactive power demand, are
reported at the primary winding of LTC transformers, then
Section IV describes how the network is structurally reduced
in an equivalent star connection. This kind of reduction
cannot be exact and has been widely investigated in [2];
anyway the particular structure of the sub-transmission
network suggest to apply an easier approach based on pseudo-
inverse matrix theory [3].

At this step, one new, not physical “barycentric” bus is
created instead of all internal nodes. The resulting network
holds consequently only one load bus, whose power injection
expression is built by adding all contributions pertaining the
series connected structure LTC-static load.

In Section V, power injection at the remaining equivalent
load bus is split to the interface nodes, leading to a compact
description of the whole sub-transmission network. Assuming
a particular structure for static asynchronous loads, namely
constant current for the active power request, and constant
susceptance for the reactive power absorption, it is possible to
simplify further on the resulting group of equations leading to
an equivalent network reduced to its lowest terms.

Aiming to reduce also dynamic order of the equivalent
model, in Section VI, a dynamic coherence for medium/long
term time frame studies has been assumed for applying
clustering methodology applied in a similar way as done in
transient stability analysis [4].

Finally, Section VII provides a comparison between the full
and the equivalent model behaviour, on a typical sample
power system by mean of some test simulations.

II. STRUCTURE OF THE REFERENCE NETWORK

Reference structure of a typical network presenting a sub-
transmission area is reported in Fig. 1. A and B are the
interface nodes, whereas the network below these two nodes
is the area to which the equivalenting procedure has to be
applied. Each load of the MV network is fed by an LTC
transformer whose voltage regulator constitutes the only
dynamic component of the branch.

Starting from this configuration, it is our aim to describe the
entire sub-transmission area by a set of algebraic and
differential equations in the form:

),,,( ������ ��=� (1)

),,,( ������ ����� = (2)
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),,,( �����	 ��	�� = (3)

),,,( ������ ����� = (4)

),,,( �����	 ��	�� = (5)

where � represents a single state variable and � a vector
containing load and line parameters.

EHV Network

A B

1 N2

Fig. 1. Reference structure of the network. A and B represent the interface
nodes.

III. SIMPLIFIED MODEL OF LTC AND LOAD

Fig. 2 shows the simplified model of an LTC transformer
and its corresponding load. The transformer is assumed to
have tap ratio 
, being �� its leakage reactance computed for

 = 1.

��
:1

00 ,δ� 11,δ�

�
�

22,δ�

Fig. 2. Scheme of LTC transformer and corresponding load.

To assume a constant leakage reactance permits to define a
static network and will appear to be an useful simplification for
the subsequent nodal reduction, without significantly
compromising result accuracy.

Voltage regulator of the LTC is considered to be a first order
low pass, whereas load is static and assimilated to a steady-state
asynchronous motor behaviour, i.e. a constant current for the
active power rate and a pure reactance for the reactive one.

The following equations set the model as described above:
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A preliminary step consists on describing the group of LTC
and static load only by power absorptions at bus 0, and thus
eliminating nodes 1 and 2. By an algebraic manipulation of
equations (7,8,11,12), it can be derived the expression of
voltage amplitude 1� :





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β
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�

(13)

and subsequently (6,9,10) can be rewritten eliminating
dependence by 1� . Furthermore, assuming that:

2222
0 
�� �� β>> (14)

it is also possible recovering a formal expression of power
injections in the form of a steady-state asynchronous motor; in
other words, (14) allows obtaining active and reactive powers
respectively linear and quadratic with regards to 0� .











−




 α
++−= ���

	

��

�

�
�

�
��



2
0 1

� (15)

02
0

0 ),,,(
1

��
�

�
�

�
� �	�

	

��

� ⋅βα=




 α
+

β
= (16)

2
022

2
0

0 ),,(
1

��
�

��


�
	 		

	

��

	 α=




 α
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= (17)

IV. NODAL REDUCTION

Nodal reduction proposed for our intents is a transformation
of the sub-transmission network topology from the actual one
to an approximated star connection.

In order to obtain this result, let us consider the general
reference structure of the sub-transmission network, as
represented in Fig. 3, where N load branches are reported for
sake of generality. In particular, each branch i’-i represents
the leakage reactance of an LTC transformer.

A B

���1 � ’ ’�1 2 � ’���

�� 

��
�

1
1

1
= −

1’ 2’ N’

���2 ����

N21

Fig. 3. Scheme of the sub-transmission island with N load branches.
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Our aim is to define a new equivalent network with a star
topology, as defined in Fig. 4, where only one “barycentric”
bus 0 substitutes 1’,2’,…N’ nodes.

A B

0��� 0���

01��

0

02�� ��0�

N21

Fig. 4. Scheme of the equivalent star topology network.

We have to point out that such topological transformation
can not be exactly determined because only a star-polygon
transformation is always possible, as stated by Rosen-
Kennelly theorem. Anyway, an approximated identification
can be applied, deriving an over-determined linear system to
be solved by a last mean square technique [2].

V
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-I

1

k

n-2
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j
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I

-I

1

k

n-2

i

j

 *��

zi

zj

Fig. 5. Identification of a star from a generic polygonal network.

Fig. 5 shows graphically the identification procedure, that
consists on applying a voltage � at two generic nodes i and j,
being the other ones open circuited, and subsequently
imposing an equality between the impedances of the original
and the star connections. This procedure leads to define an
algebraic system:


��
 ��� ��� +=*    for � = 1, 2, ..., �-1 e 
�(>�) = �+1,...,� (18)

where � is the total number of nodes and *
�
��  is obtained by

the following expression, assuming that the network does not
have shunts:

[ ] 1
))((

1
))(())((

−
−

−
−−−−= ��
��
��
�

�
��
����
 ����� ����� (19)

In (19), ����  is the �th diagonal element of the admittance

matrix �� , ))(( �
��� −
�  is the �th row of ��  without the � and 


elements and ))(( �
��
�� −−
�  is the ��  itself where the � and 
 rows

and columns have been eliminated.
Equation (18) defines an �(� - 1)/2 order system that is

typically not directly invertible, apart from the well-known
case � = 3. Applying (18) to the network delimited by nodes
A, B, 1, 2, …, N, we obtain 10 equations and 5 unknown
quantities, namely the reactance of the equivalent star
network. The problem can be solved by applying a least mean

square technique, and a network in the form of Fig. 4 is
finally determined.

V. POWER INJECTIONS AT INTERFACE NODES

Fig. 6 represents the final topology of the sub-transmission
network after the polygon-star identification and the
utilization of simplified load model, being 0�  and 0	  the

summation extended to power injections of all the LTC
branches:
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A B

0

�A 0 � B 0

P 0 ,Q 0 , �


Fig. 6. Scheme of sub-transmission network after the nodal reduction and
the utilization of simplified model for LTC transformer and corresponding
load.

It remains to evaluate the unknown �0; the load flow
equations of the system are:
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Substituting (20,21) in (26,27), it can be derived the formal
expression of voltage magnitude 0� :











++











−δ−δ++

=

∑

∑

=

=

�

�
	�

��

�

�
����

��

��

�

�

�

�

�
��

�
��
��

�

�

�

�

�

100

2

100
2

0

2

2
0

2

0
11

)cos(2

(28)
where it has been assumed:

222
0

2
0 ���� 
�� β>> for �� ,...,2,1= (30)
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in accordance with (14), and the variables ��� and �	� are
defined as follow:
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With no further hypotheses, (22-25) can be rewritten by
substituting �0 with (28). Formally, node 0 is thus eliminated
from the set of load flow equations.

Anyway, final expressions of power injections result too
complicated and of no practical utilization. It could be a good
task to recover a formal expression of power demands applied
to buses A and B in accordance with the original nature of
static loads. In other words, active powers rate should be
proportional to voltages �A and �B and reactive ones

proportional to 2
��  and 2

�� . This goal can be reached applying

the following simplification, that is generally verified:
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and assuming in some convenient cases that 1)cos( ≅δ−δ ��

or 0)sen( ≅δ−δ �� . In this way, final expressions of power

injections at buses A and B become:
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Equations (34-37) can also be interpreted as an equivalent
circuit, as shown in Fig. 7, where:
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Fig. 7. Equivalent circuital scheme of the sub-transmission area.

VI. MODAL REDUCTION

Applying also to differential equations the substitution of �0

with its simplified expression, we can deduce:
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Anyway the mere nodal reduction procedure does not affect
dynamic order of the sub-transmission area.

For reducing the dynamic order, let us consider the
summation of all differential equations:
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Practical considerations about dynamic term of tap changer
regulators suggests to consider a dynamic coherence of LTCs,
as well it is done for equivalents in transient stability studies.
In addiction to dynamic coherence, the limited 
� variation
ranges suggest to assume also an unification of the state
variables. Consequently, a common state variable 
 can be
defined and an unique differential equation is obtained:

)()(
1

1


�
�
�



�

�
� == ∑

=

� (45)

It has to be noted that such procedure allows defining a final
differential equation dependent on system parameters but not
on a particular initial state of the original dynamic equations.
For this reason, load flow studies for setting the initial value
of 
 can be performed by using directly equations of the
reduced model.

Finally, limits on the equivalent tap changer ratio may be
defined as a mean value of the original regulator limits.

VII. VALIDATION ON TEST CASE

Fig. 8 shows a configuration, with the EHV transmission
network feeding a typical Italian sub-transmission area at 132
kV by means of a couple of auto-transformers supplying
buses A and B. This area is subjected to the complete nodal
and modal reduction procedures and some simulations are
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Fig. 8. Test network utilized for validating the equivalenting procedure.
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Fig. 9. Loss of line 3-7.
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Fig. 10. Increasing in load demands at buses 7 and 9.

performed to test reliability of the resulting equivalent model.
To this aim a comparison with results provided by simulating
the complete network without any reduction is also presented.

Test cases are performed perturbing the system by a loss of
the transmission line between buses 7 and 3 (Fig. 9), a
doubling in the external power demands at buses 7 and 8 (Fig.
10), and finally a doubling in the power demands of loads
connected to the LTC transformers within the sub-
transmission area (Fig. 11). From simulation results, it can be
note that the equivalent state variable shows an average
motion with respect to the original ones. Also voltage tracking
is performed with a good accuracy, within 2%. Besides, the
reactive power demands is followed with minor reliability
with respect to the active flows. This fact is mainly due to the
nature of the quadratic voltage dependent law used for
describing the reactive absorption rates and to the
approximated star-polygon procedure which mainly affects
reactive parameters of the network.
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Fig. 11. Increasing in the power absorptions of loads connected to the LTC
transformers within the sub-transmission area.

VIII. CONCLUSIONS

Equivalenting procedures for power system networks are
going to become more and more useful techniques in view of
deregulation processes that are involving the electric market.
Although computational means could now easily manage
dynamic simulations even of extremely large networks, power
companies are often owners of a delimited system that has to
be interconnected in an affordable way to other networks. The
presented paper focuses on a possible equivalenting procedure
of a sub-transmission island, fed by a transmission network,
supposed managed by a separate company.

Attention has been paid to medium/long term voltage

dynamics, whereas asynchronous motor loads are
approximated to their static behaviour.

Results of theoretical procedure are validated by some test
simulations on a simple but typical sample transmission
network.

Future development of the proposed method appears to be
an extension to other dynamic loads behaviours taken into
account, including possible self-generation contributes.

It also seams a good task to combine the presented circuital
model with some identification techniques, with the intent of
bypassing an eventual lack of information about parameters
and operating states of the area subjected to the equivalenting
procedure.
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